Abstract-Megawatt (MW) power flow tracing can assess the extent of network usage by the participants that can be effectively used for multiple objectives like transmission pricing, loss allocation, etc. MW power tracing, a post-facto analysis of power flow solution, is amenable to multiple solutions. This implies multiplicity of solution space of transmission cost and loss allocation problems. The conventional tracing methods enforce a "proportionate sharing rule" to calculate the shares. These shares are sensitive to quantity and distance as against the postage stamp method, which is immune to distance. Any of these methods will result in penalizing a set of constituents, which raises a fairness issue. This is evident from the experiences of developing countries like India. In this paper, a new paradigm is suggested that attempts to capture the best of the two methodologies by exploring multiplicity of the solution space of the tracing problem, within the given constraints. We show that the tracing problem can be formulated as a linear constrained optimization problem. We propose a tracing compliant modified postage stamp allocation method that computes a traceable solution that minimizes overall deviation from the postage stamp allocation. Results on actual data of central transmission utility of Western Regional Grid of India demonstrate the claims.
Receiving end real power fraction of load on line .
II. INTRODUCTION
T HE transmission pricing philosophies prevailing all over the world can be classified into three paradigms [1] : embedded cost, incremental cost, and composite. Generally, the choice of adopting a particular paradigm of pricing is dominated by the degree of deregulation or liberalization in the power sector of that country. Again, for fully deregulated power industry, the choice can vary depending on the market models. The overall desired features of transmission pricing schemes are established in [2] .
The short-run marginal costs [3] are commonly employed in the fully deregulated centralized dispatch power markets. The marginal pricing scheme in competitive markets provides prices at each node that show spatial variation by virtue of losses and possible network constraints in the system [4] . The marginal pricing of electricity satisfies the important principle of providing economically efficient price signals [5] . However, it fails to recover the embedded or sunk costs of the existing network [6] . It is shown in [7] that only 10% of the required transmission remuneration is done in the Chilean system, while 4% remuneration is done in the Bolivian system using marginal pricing schemes. To recover the embedded costs of the network, topping up of marginal prices with a complementary charge has been proposed in [8] and [9] . This represents the composite pricing paradigm. The limitation associated with this paradigm is that the application of complementary charge tends to distort the economical signals provided by marginal costs [10] , [11] .
The less liberalized power systems or the ones in which the power market concept is in the premature stage cannot afford to adopt the much sophisticated and complex marginal pricing schemes. Hence, these types of power systems rely upon the embedded or rolled-in paradigm of transmission pricing. Traditionally, electric utilities allocate the fixed transmission cost among its users having firm contracts, based on postage stamp rate [12] . Application of this principle eases the settlement procedure. However, in the postage stamp method, transmission users are not differentiated by the extent of use of transmission facilities. Review of usage-based transmission cost allocation methods under open access is dealt with in [12] . The paper overviews various usage-based methods, including tracing-based methods [13] , [14] for transmission system costs under open access. The advent of the tracing principle [13] - [15] solves the problem of finding the extent of use of a network. While the power flow solution obtained from Kirchhoff Current Law (KCL) and Kirchhoff Voltage Law (KVL) is unique, the tracing problem is amenable to multiple solutions. To solve the resulting dilemma, tracing methods invoke a proportionate sharing rule. The specific interpretation given to the proportionate sharing rule is that the net incoming resource (e.g., MWs from a generator in the generation tracing problem) is shared among outflows in a proportionate manner. Application of this principle leads to simplicity. Even though the proportional sharing assumption cannot be proved or disproved, the authors in [16] rationalize it by using game theory. In this paper, the existence of multiplicity of solution space in real power tracing has motivated us to view the tracing problem from a different perspective.
There are some developing countries like India, in which the power industry is in a transitional phase. The characteristics associated with these types of power industries are absence of day-ahead market and dominance of long-term or firm transactions over the short-term transactions. In this type of situation, generally a two-tier transmission pricing scheme is employed: 1) To encourage more number of players, the short-term transaction wheeling rates are kept low as compared to those of long-term rates. Ideally, these rates should vary spatially so as to generate appropriate price signals.
2) The recovery of the major portion of transmission fixed costs remains the responsibility of long-term customers, which are generally charged on postage stamp rates. These customers' primary concern is associated with fair and equitable allocation of transmission sunk costs.
In India, the majority of generating stations and the Central Transmission Utility (CTU) network are owned by the government enterprises. Every constituent state has a long-term contract with the central government-owned power stations in the region. To evacuate the power of these central power stations, CTU has erected EHV network spanning the entire region, with some regional interconnections [17] , [18] . The majority of the central power stations are pit-head plants, and in Western Regional (WR) Grid, they are concentrated in a certain area, in a certain state, based on location of coal pits. This implies that certain load constituents have more locational nearness to central power stations than the others.
For a peculiar network configuration like this, the current practice of transmission fixed cost allocation based on postage stamp has the obvious anomaly, as the distant loads are clear winners at the cost of those who are situated near the big power plants. On the other hand, the characteristic associated with proportional sharing-based transmission fixed cost allocation approach is that the geographically distant loads are burdened with large usage costs when compared with postage stamp allocations [19] . This is a perfectly desired feature under the fully deregulated condition, but in the case corresponding to the one stated above, this raises a question of fairness. This is because the loads with firm transactions that are far away from the pithead central power plants feel the brunt of their locational handicap. These load entities, even though they make more use of the network, are not situated at their geographical location by choice, and more balanced view is needed while calculating usage-based costs.
This fairness issue can be solved by making use of multiplicity of solution space in real power tracing. However, the word fairness is more or less a fuzzy concept, and every other entity has a different interpretation of it. In the above context, to get a fair solution, the following guidelines need to be taken into account.
1) Transmission fixed cost allocation should be based on network usage by a load entity, i.e., results of tracing. 2) Simultaneously, the solution space being very large, its solution should achieve equitable distribution as far as possible, within the tracing framework. To accommodate the above guidelines, it is necessary that multiplicity of the solution space in tracing be explored. Therefore, in this paper, we propose a new paradigm of tracing algorithms by framing the tracing problem as an optimization problem. We develop a multicommodity network flow model [20] that can model the complete space of tracing solutions. This leads us to introduce a class of linear constrained optimization problem known as optimal tracing problem.
While network usage has multiplicity in solution space of traceable solutions, our objective is to choose the one that is nearest to the postage stamp allocation of transmission fixed costs. Thus, advantages of usage based and equitable distribution of transmission fixed cost allocation are achieved simultaneously. This leads to development of the modified postage stamp or the tracing compliant postage stamp method. Such generalization is likely to give rise to some debate. We believe that the best practical methods evolve through such debate, which is healthy for all involved stake holders.
The nearness of the solution to that of conventional postage stamp allocation can be measured through various vector -norms [21] . We prefer norm because it leads to a least absolute value (LAV) optimization problem that can be easily translated into a linear programming (LP) problem. This paper is organized as follows. A generic class of optimal tracing problem is introduced in Section II. The space of traceable solutions for lossless generation and load tracing problems is characterized in Section II-A. It uses multicommodity network flow with real power as the flow variable. Since, in practice, real power flow is lossy, modeling of lossy networks is considered in Section III. To achieve consistency in generation and load tracing problems in an optimization framework, a unified formulation is proposed in Section IV. Explicit problem formulation is presented in Section V along with objective function expression. Results on actual data of WR Grid of India are presented in Section VI. In Section VII, the proposed approach is compared with the conventional tracing methods. Section VIII concludes this paper.
III. DEFINING AN OPTIMAL TRACING PROBLEM
We now introduce a class of optimization problems, henceforth referred to as the optimal tracing problem, which can be compactly defined as follows: (1) The set represents the set of all possible tracing solutions and a specific set of and vectors 1 represents a solution to generation and load tracing problem. In later sections, we show that set can be characterized by a set of linear equality and inequality constraints. In fact, set is both compact and convex. This leads to a linear constrained optimization problem. It models the relationship between the flow entities and associated network usage costs.
The choice of objective function is proposed in Section V.
A. Characterization of Solution Space: Lossless Network
In this section, the set is characterized by linear equality and inequality constraints. We use concepts from multicommodity flow decomposition. Constraint modeling is initially introduced for a lossless flow network. In the next section, modeling of lossy flow networks is discussed. For the power flow tracing problem, equality constraints are grouped into the following categories:
• flow specification constraints for series branches, i.e., transmission lines and transformers; • source and sink specification constraints pertaining to shunts, e.g., generators and loads; • conservation of commodity flow constraints. Inequality constraints are associated with flow bounds. In this section, mathematical representations for these constraints are given, while in Appendix A, such equations are written for a sample three-bus system for ease of understanding. It is assumed that load flow solution is available.
B. Flow Specification Constraints
Traditionally, two types of tracing problems, viz., generation tracing and load tracing, are discussed in the literature. Generation tracing traces generator flows to loads, while load tracing traces load flows to generators. We first discuss modeling of the flow specification constraints for generation tracing problem.
1) Generation Tracing:
Let be the flow on a line . Flow is supplied from generators with components . Therefore (2) The component of generator on line can be expressed as fraction of the total injection by generator , i.e., . Therefore thus (
set of lines (4) Since the branch flows are known and are unknown, flow equations for generation allocation can be written as follows: (5) 1 The nature of x and y vectors and set S is elaborated in the next section.
Matrix has rows and columns, where is the number of branches and the number of generators. Remark 1: All -fractions are restricted from 0 to 1. These limits correspond to flow bound constraints. The lower limit ensures that the flow component should have the same direction as the arc flow, while the upper limit ensures that no flow component exceeds the corresponding generation.
Remark 2: As every equation introduces a set of new variables, all the equations are linearly independent and decoupled in nature. Therefore, flow matrix has full row rank. Further, every column has a single entry, and hence, the resulting matrix is extremely sparse.
2) Load Tracing: The power flow on line can also be expressed as a summation of load components, i.e., (6) The component of load on line is expressed as a fraction of load as follows: (7) thus (8) In matrix form, the flow equations for load allocation can be written as follows:
Matrix has rows and columns, where is the number of loads. Remarks 1 and 2 apply to (9) also.
C. Source and Sink Specification Constraints 1) Generation Tracing:
In a generation tracing problem, it is necessary to write sink (load) constraints. They express contribution of generators in loads. For a load , the contribution of various generators is governed by the following constraint: (10) i.e. (11) where is the component of load met by generator . The -variables as always are restricted between 0 and 1.
In the matrix form, the load equations for generation allocation can be written as follows: (12) Matrix has rows and columns. Remark 2 on sparsity applies to (12) also.
2) Load Tracing: In the load tracing problem, it is necessary to model the share of loads in a generator. Let i.e.
In the matrix form, generator equations for generation allocation can be written as follows:
Matrix has rows and columns. Again, remark 2 applies to the above equation.
Remark 3: In traditional tracing [13] - [15] , the fractions , , , and are frozen by application of the proportional sharing principle. In the proposed approach, these fractions are decision variables and are set as a result of the optimization problem.
D. Conservation of Commodity Flow Constraints
The conservation of flow constraints can be neatly expressed by using arc or bus incidence matrix of the underlying graph. In the matrix , rows correspond to nodes and columns to arcs. The entry is set to 1 if arc is outgoing at node ; it is 1 if the arc is incoming at node ; else, it is set to zero. The shunt arcs have one node as ground, which is not modeled in . The corresponding entry in is either 1 or 1, depending upon whether the arc represents load or generation.
1) Generation Tracing:
Let represent the graph of network, where represents a set of all nodes and the set of arcs. Let be partitioned as where subset represents the set of series branches, subset indicates the set of shunt branches due to generators, and subset represents set of shunt branches due to loads. Then, partitioning of induces the following column partitions on :
Further, let represent submatrix of formed by considering series branches and shunt loads and . The vector consists of flows for arcs modeled in . Then, the conservation of flow constraint for generation tracing problem can be expressed in compact notation as where (15) if no generator is present at node and if the th generator is present at node . Matrix is of dimension , where represents number of nodes. Let the corresponding flow component vector for generator be .
From decomposition modeled in (2) and (10), flow vector can be represented as summation of generation commodity flows. Then Let represent MW injection vector for the th generator where is the node at which the th generator is connected, and is the th column of identity matrix. Then in (15) In terms of flow components, (15) can be expressed as (16) In addition to conservation of flow at a node, in tracing, each commodity flow at a node also has to be conserved. Therefore, in (16) , each individual group should be identically zero, i.e.,
Dividing (17) by leads to the following equation:
where represents the set of -variables for lines and loads associated with the th generator.
Instead of partitioning variables by generator numbers, they can be partitioned by series branch flow and shunt flow variables. The set of the continuity equations (18) can be rearranged and written in block matrix notations with and variable partition, in the same way as shown in (5) and (12), as follows: Following similar arguments as in generation tracing, the continuity equations for load tracing are given as follows: (21) where is the node at which the th load is connected. The set of equations given by (21) at node (23) at node (24) To write down the continuity equations for the lossy flow networks, the bus incidence matrix has to be modified to discriminate between the sending end and the receiving end. This doubles the number of columns. The continuity equations have to be written using the modified matrices and . In the modified matrix, for a lossy branch, there are two columns, one to model flow at the sending end and other to model flow at the receiving end. Hence, there is only one entry per column. In addition, the constraint that "sending end fraction cannot be smaller than the receiving end fraction " has to be modeled. The number of equations in the lossy formulation increases by , and the number of variables increases by .
B. Simplified Approach 1) For Generation Tracing:
An alternative approach has been developed to restrict the number of variables and equations in the optimization problem to the corresponding lossless formulation. For this purpose, receiving end flow fractions are fixed as follows: set of lines (25) Consequently, modeling of (24) becomes redundant. Thus, for the generation tracing problem, series branch flow at sending end only is specified. Further, constraint is also satisfied by (25) . The substitutions given by (25) can be used to reduce the matrix to the reduced matrix , which has identical dimension and structure as . First, the matrix is initialized to matrix . Then the nonzero entries of matrix are modified as follows. Let be the origin and the destination of an arc . Then for all arcs representing series branches, set (26) set of lines (27) 2) For Load Tracing: For the load tracing problem, transmission line flows at the receiving end are specified. On the similar lines to generation tracing formulation, it can be shown that for the load tracing, the nonzero entries of the modified bus incidence matrix have structure identical to . Further, modifications in the nonzero entries for series arcs are as follows:
This approach has been formally programmed in this paper.
C. Loss Formulae
The following loss-related formulae can be easily derived for the lossy flow network formulation.
• The term is the power dispatched by the th generator to the th load. Therefore, loss incurred in supplying demand is given by loss (30)
• The term is the power received by the th load from the th generator. Therefore, loss component supplied by the generator-is given by loss (
V. UNIFIED FORMULATION Even in a lossless system, "generator-contribution in load-" obtained from the generation tracing problem may not match with "load share in generator " obtained from the load tracing problem. This implies that for consistent generation and load allocation, coupling or boundary constraints should be modeled. This leads to the unified generation-load tracing problem formulation, wherein arc flows are simultaneously decomposed into generation and load commodity flows. The integrated approach involves the following three steps.
1) Formulate the generation tracing problem.
2) Formulate the load tracing problem.
3) Formulate the coupling or boundary constraints to achieve consistency between generation and load tracing results.
A. Modeling of Boundary Conditions
In a megawatt flow network, if the results are consistent, then this difference, i.e., power dispatched by generator to load minus power received from generator by load , should correspond to the loss incurred in the generator-load-interaction. Let us define this loss as loss , where
For a lossless system, loss , i.e.,
Equation (32) will model loss in the generator -load interaction if it also satisfies the following loss properties of a network:
where is the total loss in the system. Inequality (34) models the constraint that loss is a non-negative number, while (35) models the requirement that total generator-load interaction losses should be equal to the power loss in the system. Proposition 1: Equation (35) is redundant. For proof, see Appendix B. To conclude, the boundary conditions for unified formulation are given by (36) (37)
VI. OPT: EXPLICIT FORMULATION
In this section, we propose two choices for objective function. Also, an explicit formulation of the optimization problem is presented.
A. Objective Function for Transmission Fixed Cost Allocation
The transmission system usage cost per MW paid by a load can be worked out as follows: trprice where is the cost of line per MW. The product (discussed in Section II-B) represents the MW power of load flowing on line . Let average transmission price per MW of the system, , be given by (38)
The aim of tracing compliant postage stamp method is to compute the closest traceable solution to the proportionate distribution of transmission system usage costs. In other words, the transmission system usage price of each load should be equal to , provided that one of the solutions in the solution space of tracing matches with it. In practical power system, this condition for transmission costs per MW being equal to may not get satisfied, and hence, we try to bring it as near as possible to , within the tracing framework. By doing this, both the guidelines as suggested in Section I, i.e., consideration of network usage plus the load proportionate distribution, are taken into account. Therefore, the objective function in (1) is written as trprice (39)
B. Objective Function for Loss Allocation
Another choice of objective function can be developed on similar lines for equitable distribution of losses. The ratio of the loss allocated to a load loss to the load can be obtained by dividing (30) by . This per unit loss for load is given as follows:
Therefore, the objective function in (1) is written as loss (41) where is the ratio of total system loss to total system load.
C. Optimal Tracing Problem Formulation
Now, the OPT problem that was defined in Section II can be explicitly formulated as follows: (42 (43)-(46) model the set of feasible solutions. Every feasible solution of multicommodity optimization problem satisfies all requirements of tracing. Proportionality-based tracing models a specific instance in this feasible space.
Remark 7: This problem is an LAV minimization problem that can be converted to an LP problem as explained in [22] .
VII. RESULTS
We now present results obtained on the CTU network of WR Grid of India. Optimal tracing is carried out on the averaged out data of July 28, 2004. Though the results in this paper are obtained on averaged data of one day, in practice, the tracing and corresponding settlements should be done in each time interval of a day. The choice of time interval is system specific.
A. System Description
India has five regional grids that are connected to each other either through synchronous ties or HVDC back-to-back connection. There are seven constituent states (control areas) of CTU network of WR Grid of India. In the modeling of this network, each state is represented by a separate bus. The generations and loads of these states are lumped and attached to respective state buses. There are six generating stations owned by central government enterprises like National Thermal Power Corporation (NTPC) and Nuclear Power Corporation of India Limited (NPCIL). Each of these generators is shown on a separate bus. The lines taken into account are the 400-KV lines that are the interstate tie lines. All lines that are owned by CTU are taken into account. The WR Grid has interconnections with the other regions. These regions are represented either by load or generator, depending upon direction of power flow with respect to WR.
The reduced system is a 33-bus, 12-generator EHV network. Special energy meter (SEM) data, which gives power flows at both ends of a line, is used to obtain line flows. SCADA gives generation of each generating unit for every minute. The bus injections are given in Appendix E. System single line diagram is given in Appendix F. The power map of WR is available in [23] . It shows all lines up to the 110-KV level. The details about the system and rest of the data, sufficient to carry out power tracing, can be obtained from [19] .
The results are obtained with two distinct objective functions as stated in Sections V-A and V-B.
B. Transmission Fixed Cost Allocation
The tracing results depicting MW contribution of various generators into loads, obtained by proposed methodology with objective function of Section V-A, are shown in Table I . Column sum equals total generation by that generator.
Transmission service charge (TSC) is the fixed transmission cost to be recovered from the constituent loads. Tracing-based TSC allocation is done as follows, where is obtained as a result of tracing: 
TABLE III MW LOSS ALLOCATION TO VARIOUS CONSTITUENT LOADS
Section V-A. Fig. 1 shows TSC of various constituent states in INR(Million) MW, calculated by optimal as well as proportional tracing.
represents the postage stamp rate for the region.
C. Loss Allocation
With the same system, results are obtained with the objective function of Section V-B. Table III compares the loss allocation to various constituent states obtained by different methods. It can be seen that for comparatively bigger constituent loads like GU, MP, and MH, the optimal tracing results are in between the traditional postage stamp allocation and proportional tracing allocation.
D. Discussion
For discussion and analysis, let us consider the representative cases from results. Contribution of Gen 1 (Vindhyachal) located at eastern end of region to GU (western end) by conventional tracing is 966.53 MW (not shown here). This large chunk of power is wheeled all the way from east to west through relatively costly corridors. Line flow decomposition by tracing shows that the share in flows of these costly lines is dominated by GU. This effect can be observed for all major generators placed in the eastern part and the other east-west corridors. From Fig. 1 , it is seen that GU is burdened with high per unit transmission usage cost INR(Million MW as compared to postage stamp rate INR(Million MW . The intuition says that if tracing compliant per unit transmission service charge of GU has to be made equal to , its usage of costly east-west lines found by tracing should be reduced. In other words, the contribution of GU in generators located in the east by optimal tracing should come out to be less than that obtained by conventional tracing. The results obtained by optimal tracing in Table I show contribution of Gen 1 in GU (bus 21, 22, 23, 29, 30) as 839.55 MW. This makes more than 13% reduction in the allocation from the earlier case. As per expectation, the per unit transmission service charge for GU calculated by optimal tracing reduces to INR(Million MW as shown in Fig. 1 .
Another load entity, CS, is located in the eastern part of the system and presents exactly the opposite case to that of GU. Its per unit transmission service charge by conventional tracing is INR(Million MW , while optimal tracing raises it to INR(Million MW . However, both of them lie below the value. An interesting observation from Fig. 1 is that the per unit rates of small loads like DD and DN have fallen below those calculated by proportional tracing, as against the intuitive expectation of raising them. This essentially endorses the fact that the optimal and proportional tracing problems are mutually exclusive. The objective function of (39) aims to minimize the sum of absolute deviations of rates of all consumers from that of the postage stamp rate. It also implies that each individual consumer's deviation from may not always get reduced from that of proportional tracing rates. It aims to achieve overall nearness of all consumers to the postage stamp rate. The objective function value for the results of Fig. 1 is 0. 1076. On the other hand, the sum of absolute deviations calculated for proportional tracing results is 0.2260.
The tracing results are topology dependent, and hence, the loss allocation and MW share pattern of loads should show the similar behavior. If the sunk costs of the lines are exactly proportional to respective impedances, then the pattern of cost allocation should also match with the above two. The comparison of Tables II and III shows that this pattern is not followed in case of DD and DN. This lack of correlation indicates that the sunk costs of the lines are not proportional to respective line impedances.
It can be concluded that tracing compliant postage stamp allocation scheme reduces the positional handicap of far away loads to the possible extent (and vice versa). It tries to bring the per unit transmission fixed cost allocation of all loads in a narrow band, by minimizing the sum of absolute deviations of their rates from the postage stamp rate. At the same time, necessity of network usage consideration is met.
E. Suitability of the Proposed Approach
The characteristic of the systems like the one presented here is that the giant central power stations are situated far away from the major load centers. Hence, the power wheeling involved for these loads is more, and usage-based transmission fixed cost allocation based on proportional tracing would create a strong cost differential across the utility's own loads spread across the system. The usage-based transmission fixed cost allocation scheme based on optimal tracing finds its usefulness under such situation as it tries to distribute the costs in an equitable manner among the various load entities.
On the other hand, for highly meshed networks with evenly placed generators and loads throughout the system, the transmission fixed cost allocation by postage stamp and proportional tracing would boil down to somewhat similar results. Hence, instead of employing computationally intensive methods, approximate methods like postage stamp method would give fair enough results.
VIII. FEATURES OF THE PROPOSED APPROACH
In this section, the new paradigm of tracing proposed in this paper is compared with conventional proportional tracing approach.
1) Choice of Objective Function:
A wide range of objective functions can be proposed so as to suit to a particular system. For example, the application of fair allocation of transmission fixed costs proposed in this paper is well appreciated in the Indian system. Some other systems may use the same methodology for equitable loss allocation.
2) Complexity: It can be argued that the mathematical rigor involved in this methodology is high as compared to conventional tracing approach. However, modern sparse LP technique is quite mature to solve this problem. Moreover, this activity being a post-facto analysis, it is not time critical.
3) Price Signal and Notion of Fairness: In [24] , a comparison between cost allocation based on proportional tracing and marginal pricing is given. It is concluded that the price signals provided by tracing are in tune with those provided by marginal prices. This is perfectly desired under the competitive market situation.
The optimal tracing framework, on the other hand, provides another solution, which depends on the objective function. A significant property associated with optimal tracing framework is that the desired cost distribution is accounted for at the formulation stage itself. On the other hand, the conventional tracing needs to convert tracing results into costs. In the process, the gain is in terms of equitable distribution of transmission charges, at the cost of distortion of price signals. However, that does not mean the optimal tracing framework gives perverse signals. The results are still topology dependent.
The choice between the two depends on the notion of fairness driven by the prevalent needs of the industry.
4) Aggregate Invariancy: Proportional tracing has been found to be aggregate invariant [16] . The same cannot be claimed for the approach proposed in this paper. However, for developing countries like India, where power markets are yet to be developed, this issue is less relevant.
5) Circular Flows:
The method works fine, even in the presence of circular flows. This is because the method does not require the starting and end point, as is required in graph theoretic approach. Also, no trouble is caused, even if distribution matrix [25] becomes singular, as matrix inversion is not involved in the scheme.
IX. CONCLUSIONS
A new paradigm is proposed that models real power tracing problem as a linear constrained optimization problem. It is shown that power tracing problem belongs to the generic class of multicommodity network flow optimization problem. A unified generation-load tracing formulation guarantees mutually consistent results. An approach for loss modeling is also proposed that restricts the number of variables.
The easy-to-implement postage stamp method tends to favor heavy users at the cost of light users of the transmission system. Under certain circumstances where equitable cost distribution gains more importance over providing price signals, the conventional proportional tracing can come under question by the heavy users, raising some pertinent points about socioeconomic unbalance. This can be particularly observed in developing countries like India. This is not to say that a versatile conventional method of tracing is unable to handle the situation, but one can explore larger solution space to strike the balance of seemingly conflicting requirements. The proposed methodology attempts to trade off and take a balanced and fair view within the framework of tracing algorithms meeting all technical and socioeconomic constraints, as illustrated in the results of a practical system. The same template of formulation is applied to allocate the losses. The extra computations of the proposed paradigm can be justified in light of ample available time for settlements and high speed efficient computations.
APPENDIX A CONSTRAINTS FOR SAMPLE THREE-BUS SYSTEM: GENERATION TRACING

A. Flow Specification Constraints
From (4), the flow specification constraints for Fig. 2 are
B. Source Specification Constraints
From (11), the source specification constraints can be written as follows: , and there are variables. If we consider all specification equations for lines and loads as well as conservation of commodity flow equations for all nodes and generators, it is found that the resulting coefficient matrix in the linear system of (50) is rank deficient. This implies that redundant equations are being modeled in the formulation. This can and does pose numerical problems as the linear system of equations will become inconsistent even due to extremely small numerical errors. Therefore, it is necessary to identify and eliminate the redundant equations in the formulation. The following lemma summarizes the necessary result.
Lemma 1: For the generation tracing problem, the rank of the coefficient matrix is given by .
Proof:
Let denote a square identity matrix of dimension . If -variables are reordered by generator association, i.e., , where , then linear system of (50) can be reordered in the following form:
. . . . . .
. . .
The bus incidence matrix is of size , and it has rank . The equations corresponding to the first row represent the flow specification and load specification equations defined in (4) and (11) . The next block rows correspond to the conservation of commodity flow equations defined in (18) . Thus, the dimension of coefficient matrix in (52) is . In (52), multiplying row-2 by , row-3 by , and row by and adding it to times the row , we obtain the following equivalent equation:
Now pre-multiplying the row-1 in (53) by and subtracting it from the last row, and using (15), we get the following result:
Eliminating the zero block from (54) and then rearranging the equations leads to the following reordered block lower triangular matrix (LTM) form of (54) 
Since coefficient matrix in (55) is lower triangular matrix (LTM) with full row rank blocks at the diagonals, it is a full row rank matrix, i.e., its rank is . Since (55) is equivalent to (52), the lemma is proved.
Corollary 1: The degree of freedom of generation tracing formulation is given by the difference of the number of variables and the rank of the coefficient matrix. Hence Remark 8: We conclude that the last block of continuity equations corresponding to are redundant, and hence, they are deleted from the LP formulation.
Remark 9: On the similar lines, it can be shown that for load tracing problem
• the degrees of freedom are given by
• continuity equations for the th load are redundant and should not be modeled in the constraint equations.
APPENDIX E BUS INJECTIONS (MW)
The generations and loads on all buses are given in Table IV. APPENDIX F SINGLE LINE DIAGRAM OF WR GRID Fig. 3 shows a 33-bus, 12 -generator system. 
